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1 Nonlinear model

The agent’s utility function is:

. a) — 1 VW) if w(g) = w*(q)
) {U(w*(Q)>—(1+’Y>5(W*(Q)—w) if w(q) <w*(q) .

where v/ > 0, v <0, & >0, ¢ <0, and v > 0 parametrizes fairness concerns. If the wage is
fair (w > w* (q)), the agent’s utility is v(w). If the wage is unfair (w < w* (¢)), the agent suffers
disutility which is increasing in both the discrepancy w*(¢) — w and his fairness concerns v. We
assume limy\ o v'(w) < 14 v and lim, ~ &' (x) > 1, so that the utility function is always steeper
below the fair wage than above it. The kink at the fair wage means that the agent is loss-averse:
his sensitivity to losses exceeds his sensitivity to gains, consistent with empirical and experimental
evidence that the disutility from unfair wages exceed the utility from above-fair wages (see the
survey of Fehr, Goette, and Zehnder (2009)). The function £ () means that the agent’s utility is
weakly convex below the fair wage, as in prospect theory. The unique feature of our model is that
the fair wage depends on output and is thus endogenously determined ex post, in contrast to loss
aversion models where the reference point is independent of output and thus known ex ante. The
main paper studies a special case of is where the agent’s utility is piecewise linear (v(w) = w
and £(x) = z).

Figure [2 displays the agent’s utility as a function of w for various output realizations and two
different utility functions.

Figure 2: Function u(w, q) as defined in equation as a function of w for y =1, p = %, and
output ¢ € {0,1,2,3,4}. Top row: v(w) = w. Bottom row: v(w) = In(w + 1), &(x) = /2,



To simplify the analysis, we assume:

[ oG [ a5 2 cen (35)

/0 "u(0, @)é(gl0)dg — C(0) < T (36)

q
/ u(pq, q)p(glé)dg — C(é) > U, where é = €* as defined in (3) with w(q) = w*(q) Vg.  (37)
0

Proposition 3 (Zero target effort level): Fix ef' = 0. The contract has pay-for-performance:
w(q) > w(q') for some q > ¢ .

min
m

Define ¢2™ as the highest value that satisfies the following:

min

[ w0 da [ vlon 3 alet e = e (39)

min
m

Proposition 4 (Binding incentive constraint): Fiz €T sufficiently high. The principal implements

e* = el and offers the following contract:

oD for q < qm
1 _ v,(w—l*(q)) for q > qm and A\jg + A\;jcLR(qle*) < m
w,(w(q),q) | Air+ MicLR(qle*) forq > qn and m < Aig + AicLR(gle*) < U,%q)
U,%q) for q > q,, and ﬁ < Arr + ArcLR(q|e®)
(39)

Moreover, if v'(0) < 1, v > —Léﬁﬂiiﬁ%)

w(q) =0 for q < gm and w(q) = w*(q) for ¢ > qpm.

— 1, and U s sufficiently low that IR is nonbinding, then

The optimal contract is now given by (up to) four regions. As with v” = 0, there are three
regions in which the agent is paid zero, the fair wage, and the entire output. However, there is an
additional region where output is sufficiently high that the principal pays more than the fair wage.
It is inefficient to pay the entire output, since the agent exhibits diminishing marginal utility and
so does not value this additional reward highly. Thus, unlike in the model with v” = 0, the optimal
contract is only discontinuous at ¢,,. As output rises, the likelihood ratio increases further and
so the actual wage exceeds the fair wage by more. The contract will generally be convex in this
regionm When the likelihood ratio is very high, the principal pays the entire output. If fairness
concerns are sufficiently high, then as in the linear model, the contract comprises only the first

two regions and corresponds to performance-vesting equity.

OHowever, the contract will be concave if the likelihood ratio is concave, so that very high output is only
slightly more indicative of effort, and if risk aversion is sufficiently important compared to prudence (see Chaigneau,
Sahuguet and Sinclair-Desgagné, 2017). The latter condition will typically not be satisfied for CEOs who have low
absolute risk aversion due to their wealth.
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Figure 3: The contract w(q) as a function of ¢ for parameter values described in Example

Example [1]illustrates how the optimal contract is affected by the underlying parameters. When
v"” < 0, the contract resembles performance shares, where the number of shares that vest increase
with performance, in contrast to performance-vesting equity where the number of shares is fixed
as long as performance exceeds a threshold. Performance shares, like performance-vesting equity,
are widely used in practice (see Figure 2 in Bettis et al. (2018)).
Example 1 The agent’s preferences are given by v = 2, p = %, and v(w) = In(w + 1), {(z) = =z,
and output follows a truncated normal distribution on [0,10] with parameters e* =1 and 0 =1 .

Optimal contract for (¢) U = —0.5 and C(1) = C'(1) = 0.4; (d) U = —1 and C(1) = C'(1) = 0.45.

2 Proofs

Proof of Proposition [3}

We show by contradiction that an optimal contract is characterized by w(q) > w(q’) for some
q > ¢'. Suppose that it is not. Due to the monotonicity constraint, this implies that w(q) = w,
which is a constant, for all ¢ € [0,g]. A fixed wage induces e* = 0 and IR binds in the optimal

contract:

o035 @oda < ') and [ utw.gotao)da - C0) =T

Consider the following perturbation which does not change the corner solution e* = 0. Let ¢ be

such that w = w*(§). For arbitrarily small € and ¢, let the new contract be described as:

w—pe ifg<g—e
w'(q) ifgeli—eq+e] , (40)
w+pe ifqg>q+e



such that the agent’s expected utility is unchanged:

q
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Since € and ¢ are arbitrarily small, this implies:

[ e @otatnda = o= [ uato.arotaioria (a1)

Likewise, the change in the cost of compensation is approximately:

_ / ped(q|0)dq + / ped(a|0)da,
0 V

q

which is strictly negative by equation (41f) with the assumption v'(w) < u,(w, q) for any w. W

Proof of Proposition [}
With the FOA, the IC can be replaced by the first-order condition (“FOC”) for interior

solutions:

| w0 G aleryin = ) (42

with e* = e? > 0.

We derive the optimal contract while ignoring the monotonicity constraint w(g) > 0, and we
verify later that the optimal contract thus derived is monotonic.

In the first step, we take as given the payment w(q) on the subset @), of outputs s.t. w(q) €
(w*(q), q], and we consider the subset @), of outputs s.t. w(q) € [0, w*(¢)]. We have:

max / (—w(@) dale")dg s / w(w(@), (Mg = C(T)  (43)

w(q) s.t. g€Qa Oe
/ w(w(q), )dlaleT)dg — C(T) > T
0 <w(q) <w*(q) Vg € Qq

The first-order necessary condition (“FONC”) for an interior solution w(q) € (0, w*(q)) is:

—p(qle") + puw(w(q), Q)%(Q|€T) + My (w(q), 9)o(gle”) =0

where A\ and p are respectively the Lagrange multipliers associated with the participation constraint
and the incentive constraint, and, since 0 < w(q) < w*(q), we have u, (w(q), q) = (14+v)& (w*(q) —
w) > 0.



In the case £’ = 0, the FONC is satisfied only if the likelihood ratio "(’;((T‘TT)) is constant, which
is impossible by MLRP. In the case £” < 0, the second-order condition with respect to w(q) is not

satisfied at any w(q) that satisfies the FONC. Indeed, the FONC can be rewritten as:

% (gle™)
— Oe
@9 T

where the LHS is strictly positive, so that the RHS must be strictly positive for any w(q) that
satisfies the FONC. The second-order condition is satisfied if and only if:

it (0(a), ) 90 ale") + Na(0(a), )0(ale™) < 0 (4

(44)

52 (gleT)
#(qle™)
A >0 and p > 0. Thus, for £’ < 0, the optimum cannot be an interior solution, i.e. it cannot be

which given ,, (w(q),q) > 0 (due to ” < 0 in this case) can be rewritten as:

< —2 where
“w

w(q) € (0,w*(q)). We conclude that, for w(q) € [0, w*(q)], the optimum is not characterized by an
interior solution.

Thus, for some @ C [0,q] we have w(q) = 0, and for ¢ € Q4 C [0,q| we have w(q) € [w*(q), q].
This implies u(w, ¢) = v(w) for ¢ € Q4. In sum, for a given @)_, the relaxed optimization problem
that induces e* = el can be rewritten:

min | wla)olale" i (40

st [ w00 G+ [ vl(a) 3 ale g = e (47)
| uto0otdeda+ [ otwianotale s > T (49

- Q+
w(q) € [w*(q),q] Vg (49)

The program in equations (46 . has a solution because of the assumptions in equations
and (37)). Using the notation in Jewitt, Kadan, and Swinkels (2008), we have m(q) = w (q) and
m(q) = q. We apply their Proposition 1 to derive the optimal contract on Q) given that w(q) =0
for ¢ € @Q_ (the first terms on the LHS of equations and are independent of w(q) and
can therefore be treated as constants in the program —). Thus, for some ()_, the optimal
contract is defined implicitly by:

m for g € Q_
1 B W for ¢ € Q4 and )\IR + AicLR(gle*) < W
ul,(w(q),q) | Mg+ McLR(qle*) for ¢ € Q4 and ,(w @1 < Atr+ ArcLR(gle”) < }q)
U,%q) for g € @, and ,(q < )\IR + ArcLR(qle*)

Finally, with a binding IC and MLRP, standard arguments show that we must have w(q) = 0 if



and only if ¢ < ¢, for some ¢, € [0,q], so that the optimal contract is defined implicitly by:

m for ¢ < qm,
1 B m for ¢ > ¢, and A\jgr + A\jcLR(qle*) < m
w,(w(q),q) | Arr+ AicLR(gle*) for ¢ > g and m < Aig + AicLR(qle*) < U,%q)
U,%q) for ¢ > q,, and ﬁ < Air + ArcLR(qle*)

where A\;c > 0 and A\;g > 0 are the Lagrange multipliers associated with the constraints and
, and which therefore depend on ¢,,.

We now establish the second part of the proof. The optimal contract is described in equation
(39). Under the conditions stated in the second part of the Proposition, we will show that any
contract as in equation (39)) which is not such that w(q) = 0 for ¢ < ¢,, and w(q) = w*(q) for ¢ > ¢,
is dominated. Consider a given incentive-compatible “contract A” as in equation such that
w(q) > w*(q) for a non-empty interval of outputs. We will show that this contract is dominated by
an incentive-compatible “contract B” such that w(q) = 0 for ¢ < ¢, and w(q) = w*(q) for ¢ > q,.

First of all, we cannot have w4 (q) = w*(q) for ¢ < ¢™™ since then contract A as in equation

(39) would involve a strictly higher cost than contract B, i.e. it would be dominated. The other
possibility is that these two contracts differ on two (possibly empty) subintervals: (g™, ¢;) where
wa(q) =0 < w*(q) = wp(q), and (g2,q) where wa(q) > w*(q) = wp(q). The subintervals must be
such that ¢ < ¢; < go < @ because of the monotonicity assumption.

Then, consider a switch from contract A to contract B. The implied change in the LHS of the

IC, which must be zero by incentive compatibility, is:

0= [ 00 @)~ 00 @)~ (9w @) el + [0 (@) —vwata)) G el
=1+ /q; w*(q)%(qleT>dq+/qj (v(w*(q)) —U(wA(q)))%(q\eT)dq

where, with v" < 0: v(wa(q)) < v(w*(q)) + v'(w*(q)) (walq) —w*(q)) for ¢ € (g2,4G), and



v'(w*(q)) < v'(0) <1, so that:
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The implied change in contract cost is:

/::n w*(Q>¢(Q|€T)dq + /q (w*(q) — walq)) ¢(q|€T)dq

q2

Because of g™t > qST (see equations and ) and MLRP, the change in cost has the same

sign as:

&l [ w @t s ) [ @)~ wata) otaie g
ST Sy Sl J,
do (= T
@( in| T q1 & d¢ ( min| T
gmnle”) T o@e)  a@nle’)
< (1 A — * d e~
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do (= €T d¢ ( min 6T . .
where the inequality follows from 1+~ > Céf((a(f‘eT)) ‘j;(gn’?nllT)). The RHS is negative because of

equation . Thus, under the conditions stated in the second part of Proposition , the change

in the contract is incentive compatible and it involves a negative change in cost, which establishes

that the initial contract is dominated since IR is nonbinding. [
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