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B1. Households

The lifetime utility of a representative household is given by:

E0

∞∑
t=0

βtu (Ct, Lt, Nt)Zt(B1)

u (Ct, Lt, Nt) =
C1−σ
t − 1

1− σ
+
L1−ξ
t − 1

1− ξ
− N1+φ

t

1 + φ
(B2)

The marginal utility of consumption, liquidity, and labor:

uC,t = C−σ
t(B3)

uL,t = L−ξ
t(B4)

uN,t = −Nφ
t .(B5)

The household’s budget constraint is

(B6) Ct +Bt +
J∑

j=1

Lj,t =
exp (it−1)Bt−1

Πt
+

J∑
j=1

Lj,t−1

Πt

Ej,t
Ej,t−1

+WtNt + Γt

∗ Uhlig: Kenneth C. Griffin Department of Economics, University of Chicago, NBER, CEPR (e-mail:
huhlig@uchicago.edu). Xie: Asia Competitiveness Institute, Lee Kuan Yew School of Public Policy,
National University of Singapore (e-mail: tjxie@nus.edu.sg). Simon Gilchrist was co-editor for this
paper. We thank participants at a number of conferences and presentations as well as Martin Uribe for
helpful comments

1



2 AMERICAN ECONOMIC JOURNAL MONTH YEAR

The first-order conditions with respect to Nt, Bt, and Lj,t, are

Nt : Wt =
Nφ

t

C−σ
t

(B7)

Bt : C−σ
t = β exp (it) Et

[
C−σ
t+1

1

Πt+1

Zt+1

Zt

]
(B8)

Lj,t :
L−ξ
t

C−σ
t

= 1− β Et

[
C−σ
t+1

C−σ
t

1

Πt+1

Ej,t+1

Ej,t
Zt+1

Zt

]
(B9)

Upon log-linearization at the first order around the zero-inflation steady state,
the optimality conditions are expressed as:

wt = φnt + σ ct(B10)

ct = Et[ct+1]−
1

σ

(
ît − Et[πt+1]

)
+

1

σ
(1− ρz) zt(B11)

ξ lt − σ ct =
β

1− β
[σ (ct − Et[ct+1])− Et[πt+1] + Et[∆ej,t+1]− (1− ρz) zt](B12)

B2. Firms

The production function of firm i that prices in currency j is

(B13) Yj,t(i) = AtNj,t(i)
1−α

Recall that Wt denotes the real wage. The real marginal cost of a firm in sector
j is then given by

MCt(i) =
Wt

(1− α)AtNj,t(i)−α
(B14)

=
Wt

(1− α)At

(
Yj,t(i)

At

) α
1−α

(B15)

=
Wt

(1− α)A
1

1−α

t

Y
α

1−α

t

(
Ej,tPt(i)

Pt

)− αη
1−α

(B16)
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where we have used Eq. (10) as well as Ct = Yt and Ct(i) = Yt(i) in the last step.
The average real marginal cost of the economy

MCt =
J∑

j=1

∫
Vj(t)

MCt(i)di(B17)

=
Wt

(1− α)A
1

1−α

t

Y
α

1−α

t

 J∑
j=1

∫
Vj,t

(
Ej,tPt(i)

Pt

)− αη
1−α

di

(B18)

In order to log-linearize this equation when Vj,t ≡ Vj is independent of time,
examine first the term

Qt =

J∑
j=1

∫
Vj

(
Ej,tPt(i)

Pt

)− αη
1−α

di

Log-linearization delivers
(B19)

−1− α

αη
Q̄qt+

 J∑
j=1

∫
Vj

(
Ej P (i)
P̄

)− αη
1−α

 pt =

J∑
j=1

∫
Vj

(
Ej P (i)
P̄

)− αη
1−α

(ej,t+pt(i))di

Likewise, log-linearizing the definition of the price index delivers

(B20) pt =

J∑
j=1

∫
Vj

(
Ej P (i)
P̄

)1−η

(ej,t + pt(i))di

Note now that
Ej P (i)
P̄

= 1

as all firms will choose the same price expressed in dollars at the steady state,
and that price therefore equals the general price index. Use this and (B20) in
(B19) to find that qt = 0. The log-linearized real marginal cost is therefore

(B21) mct = wt +
α

1− α
yt −

1

1− α
at

It follows that an individual firm’s real marginal cost and the average real marginal
cost, after log-linearization, are associated with the following equation:

(B22) mct(i) = mct −
αη

1− α
[pt(i) + ej,t − pt]
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The firm seeks to maximize real profits per its choice of the price Pt(i). With
flexible prices, the desired price Pt(i) = P̃j,t is chosen so as to equalize real
marginal revenue to real marginal cost, taking into account the demand function
(10) with Ct = Yt and Ct(i) = Yt(i). This leads to the markup equation

(B23)
η − 1

η

Ej,tP̃j,t

Pt
= MCt(i)

where MCt(i) is evaluated at the price Pt(i) = P̃j,t. The log-linearized desired
price is

(B24) p̃j,t = mcj,t|t + pt − ej,t

where (from Eq. (B22))

(B25) mcj,t|t = mct −
αη

1− α
[p̃j,t + ej,t − pt]

The desired price can be solved as

(B26) p̃j,t = Θmct + pt − ej,t

where

(B27) Θ =
1− α+ αη

1− α

Note that the dollar-denominated desired price, p̃j,t + ej,t, is independent of cur-
rency choice. When prices are sticky, the log-linearized optimal price is

(B28) p∗j,t = (1− β θj)
∞∑
ℓ=0

(β θj)
ℓ Et

[
mct+ℓ|t + pt+ℓ − ej,t+ℓ

]
To simplify the equation, use Eq. (B22) to establish the relationship between the
optimizing firm’s real marginal cost with the economy’s average marginal cost:

(B29) mct+ℓ|t = mct+ℓ −
αη

1− α

[
p∗j,t + ej,t+ℓ − pt+ℓ

]
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Substitute into Eq. (B28) and simplify:

p∗j,t = (1− β θj)
∞∑
ℓ=0

(β θj)
ℓ Et

[
mct+ℓ −

αη

1− α

[
p∗j,t + ej,t+ℓ − pt+ℓ

]
+ pt+ℓ − ej,t+ℓ

](B30)

= Θ−1 (1− β θj)

∞∑
ℓ=0

(β θj)
ℓ Et

[
Θmct+ℓ + pt+ℓ − ej,t+ℓ − (1−Θ) p∗j,t

](B31)

= −
(
Θ−1 − 1

)
p∗j,t +Θ−1 (1− β θj)

∞∑
ℓ=0

(β θj)
ℓ Et [Θmct+ℓ + pt+ℓ − ej,t+ℓ]

(B32)

= (1− β θj)

∞∑
ℓ=0

(β θj)
ℓ Et [p̃j,t+ℓ]

(B33)

which can be written in a recursive form

(B34) p∗j,t = β θj Et

[
p∗j,t+1

]
+ (1− β θj) p̃j,t

The law of motion for inflation is derived using the sectoral price index

p∗j,t − pj,t−1 = β θjEt

[
p∗j,t+1 − pj,t

]
+ (1− β θj) p̃j,t − pj,t−1 + β θj pj,t(B35)

= β θjEt

[
p∗j,t+1 − pj,t

]
− (1− β θj) (pj,t − p̃j,t) + πj,t(B36)

From the identity pj,t = θ pj,t−1+(1− θ) p∗j,t, we have πj,t = (1− θ)
(
p∗j,t − pj,t−1

)
.

The above equation becomes

(1− θ)−1 πj,t = (1− θ)−1 β θjEt [πj,t+1]− (1− β θj) (pj,t − p̃j,t) + πj,t(B37)

Rearrange terms to obtain the law of motion for sectoral inflation

πj,t = β Et [πj,t+1]− λj (pj,t − p̃j,t)(B38)

where pj,t − p̃j,t is interpreted as the price markup.
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B3. Equilbrium

The market clearing conditions for the goods and labor markets are

Yt = Ct(B39)

where the aggregate output is defined as

(B40) Yt ≡

 J∑
j=1

∫
Vj

Yj,t(i)
1− 1

η di


η

η−1

The labor market clears when

Nt =

J∑
j=1

∫
Vj

Nj,t(i)di(B41)

=

(
Yt
At

) 1
1−α

Dt(B42)

where Dt ≡
[∑J

j=1

∫
υ

(
Ej,tPt(i)

Pt

)− η
1−α

di

]
is a version of price dispersion for a

multi-sector economy. The price dispersion is elaborated as

Dt =

J∑
j=1

(
Ej,tPj,t

Pt

)− η
1−α

∫
Vj,t

(
Pt(i)

Pj,t

)− η
1−α

di(B43)

=
J∑

j=1

P̂
− η

1−α

j,t

∫
Vj,t

(
Pt(i)

Pj,t

)− η
1−α

di(B44)

=

J∑
j=1

P̂
− η

1−α

j,t Dj,t(B45)
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where Dj,t is the sectoral price dispersion

Dj,t =

∫
Vj,t

(
Pt(i)

Pj,t

)− η
1−α

di(B46)

= υj (1− θj)

(
P ∗
j,t

Pj,t

)− η
1−α

+

∫
Vj,t∩S(i)

(
Pj,t−1(i)

Pj,t

)− η
1−α

di(B47)

= υj (1− θj)

(
P ∗
j,t

Pj,t

)− η
1−α

+

∫
Vj,t∩S(i)

(
Pj,t−1

Pj,t

Pj,t−1(i)

Pj,t−1

)− η
1−α

di(B48)

= υj (1− θj)

(
P ∗
j,t

Pj,t

)− η
1−α

+Π
η

1−α

j,t

∫
Vj,t∩S(i)

(
Pj,t−1(i)

Pj,t−1

)− η
1−α

di(B49)

= υj (1− θj)

(
P ∗
j,t

Pj,t

)− η
1−α

+ θjΠ
η

1−α

j,t Dj,t−1(B50)

The labor market condition is linearized as

(B51) nt =
yt − at
1− α

Note that the price dispersion vanishes at the first order.

B4. Deriving the Sectoral NKPC

Combining (B10), (B21), (B51) and ct = yt yields

(B52) mct =

(
σ +

α+ ϕ

1− α

)
yt −

ϕ+ 1

1− α
at

With that, (B26) delivers

pj,t − p̃j,t = p̂j,t −Θ

[(
σ +

α+ φ

1− α

)
yt −

φ+ 1

1− α
at

]
(B53)

The last equation eliminates the real wage using the household’s optimality con-
dition for the labor supply. Under flexible prices, pj,t = p̃j,t, p̂j,t = 0, and we
have

(B54) 0 = −Θ

[(
σ +

α+ φ

1− α

)
ynt − φ+ 1

1− α
at

]
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Solve Eq. (B54) for the natural level of output

(B55) ynt = ψya at

Take the difference between Eqs. (B53) and (B54). The price markup is expressed
in terms of the output gap defined as ỹt ≡ yt − ynt :

(B56) pj,t − p̃j,t = p̂j,t −Θ

(
σ +

α+ φ

1− α

)
ỹt

Substitute the price markup back into the law of motion for sectoral inflation.
The sectoral NKPC is derived as:

(B57) πj,t = β Et [πj,t+1] + κj ỹt − λj p̂j,t

B5. Dynamic IS Curve

Using the market clearing condition yt = ct, one can rewrite the optimality
condition for government bonds as

yt = Et[yt+1]−
1

σ
(it − Et[πt+1]) +

1

σ
(1− ρz) zt(B58)

Subtracting the flexible counterpart from B58 gives

(B59) ỹt = Et[ỹt+1]−
1

σ
(it − Et[πt+1]− rnt )

where the natural rate of interest is a linear combination of exogenous shocks

rnt ≡ −σ (1− ρa)ψyaat + (1− ρz) zt(B60)

B6. NKPC in Non-Linear Form

The firm’s profit maximisation problem is expressed as

(B61) max
P ∗
j,t

∞∑
ℓ=0

θℓjEt

[
Qt,t+ℓ

[Ej,t+ℓ P
∗
j,t

Pt+ℓ
Yj,t+ℓ|t −Ψt+ℓ

(
Yj,t+ℓ|t

)]]

subject to the demand function

Yj,t+ℓ|t =

(Ej,t+ℓ P
∗
j,t

Pt+ℓ

)−η

Yt+ℓ(B62)
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where Ψt+ℓ(·) is the real total cost of production. The first-order condition for
price setting is

∞∑
ℓ=0

θj
ℓEt

[
Qt,t+ℓ Ej,t+ℓ (1/Pt+ℓ)

(
Yj,t+ℓ|t + P ∗

j,t

∂Yj,t+ℓ|t

∂P ∗
j,t

−
Pt+ℓMCj,t+ℓ|t

Ej,t+ℓ

∂Yj,t+ℓ|t

∂P ∗
j,t

)]
= 0

(B63)

which can be simplified to the following condition
(B64)
∞∑
ℓ=0

θℓjEt

[
βℓC−σ

t+ℓ

(
Π∗

j,tP̂j,t

)−η
(
Ej,t+ℓ

Ej,t
Pt

Pt+ℓ

)−η

Yt+ℓ
Pj,t

Pj,t+ℓ

(
Π∗

j,tP̂j,t+ℓ −
η

η − 1

Pj,t+ℓ

Pj,t
MCj,t+ℓ|t

)]
= 0

Multiply both sides by P̂ η
j,t

(B65)
∞∑
ℓ=0

θℓjEt

[
βℓC−σ

t+ℓΠ
∗
j,t

−η

(
Ej,t+ℓ

Ej,t
Pt

Pt+ℓ

)−η

Yt+ℓ
Pj,t

Pj,t+ℓ

(
Π∗

j,tP̂j,t+ℓ −
η

η − 1

Pj,t+ℓ

Pj,t
MCj,t+ℓ|t

)]
= 0

where Π∗
j,t ≡

EtP ∗
j,t

Pj,t
. Rearrange terms,

∞∑
ℓ=0

θℓjEt

[
βℓC−σ

t+ℓΠ
∗
j,t

1−η

(
Ej,t+ℓ

Ej,t
Pt

Pt+ℓ

)−η

Yt+ℓ
Pj,t

Pj,t+ℓ
P̂j,t+ℓ

]
(B66)

=
∞∑
ℓ=0

θℓjEt

[
βℓC−σ

t+ℓΠ
∗
j,t

−η

(
Ej,t+ℓ

Ej,t
Pt

Pt+ℓ

)−η

Yt+ℓ
η

η − 1
MCj,t+ℓ|t

]
(B67)

Substitute the expression for idiosyncratic marginal cost:

Π∗
j,t

1+ αη
1−α

∞∑
ℓ=0

θℓjEt

[
βℓC−σ

t+ℓ

(
Ej,t+ℓ

Ej,t
Pt

Pt+ℓ

)−η Pj,t

Pj,t+ℓ
P̂j,t+ℓYt+ℓ

]
(B68)

=
η

η − 1

∞∑
ℓ=0

θℓjEt

[
βℓC−σ

t+ℓ

(
Ej,t+ℓ

Ej,t
Pt

Pt+ℓ

)−η ( Pj,t

Pj,t+ℓ
P̂j,t+ℓ

)− αη
1−α

Yt+ℓMCt+ℓ

](B69)

which can be rewritten as

(B70) Π∗
j,t

1+ αη
1−αx2,t =

η

η − 1
x1,t
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where

x2,t = C−σ
t YtP̂j,t + βθjEt

[
Πη−1

j,t+1

(
P̂j,t+1

P̂j,t

)−η

x2,t+1

]
(B71)

and

x1,t = C−σ
t YtP̂

− αη
1−α

j,t MCt + βθjEt

[
Π

η
1−α

j,t+1

(
P̂j,t+1

P̂j,t

)−η

x1,t+1

]
(B72)

The relative price follows

(B73) P̂j,t = P̂j,t−1
Πe

tΠj,t

Πt

In the case of flexible prices, the desired price is given by

(B74) P̃j,t =
Pt

Ej,t

(
η

η − 1
MCt

)Θ

B7. Firm’s Lifetime Profit in Non-Linear Form

Iterate the value function:

Vj,t|t = Et

[ ∞∑
ℓ=0

θℓjQt,t+ℓΞj,t+ℓ|t

](B75)

= Et

[ ∞∑
ℓ=0

θℓjQt,t+ℓ

Ej,t+ℓP
∗
j,t

Pt+ℓ
Yj,t+ℓ|t

]
− Et

[ ∞∑
ℓ=0

θℓjQt,t+ℓMCj,t+ℓ|tYj,t+ℓ|t

]

The value function of the firm is therefore

Vj,t = Rj,t − Cj,t(B76)
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The revenue is given by

Rj,t =
∞∑
ℓ=0

θℓjQt,t+ℓ

Ej,t+ℓP
∗
j,t

Pt+ℓ
Yj,t+ℓ|t(B77)

=
∞∑
ℓ=0

(βθj)
ℓ

(
Ct+ℓ

Ct

)−σ Ej,t+ℓP
∗
j,t

Pt+ℓ
Yj,t+ℓ|t(B78)

=

∞∑
ℓ=0

(βθj)
ℓ

(
Ct+ℓ

Ct

)−σ Ej,t+ℓP
∗
j,t

Pt+ℓ

(Ej,t+ℓP
∗
j,t

Pt+ℓ

)−η

Yt+ℓ(B79)

=
∞∑
ℓ=0

(βθj)
ℓ

(
Ct+ℓ

Ct

)−σ (Ej,t+ℓP
∗
j,t

Pt+ℓ

)1−η

Yt+ℓ(B80)

=
∞∑
ℓ=0

(βθj)
ℓ

(
Ct+ℓ

Ct

)−σ (
Π∗

j,tP̂j,t+ℓ
Pj,t

Pj,t+ℓ

)1−η

Yt+ℓ(B81)

=
1

C−σ
t

Π∗
j,t

1−η
∞∑
ℓ=0

(βθj)
ℓC−σ

t+ℓ

(
P̂j,t+ℓ

Pj,t

Pj,t+ℓ

)1−η

Yt+ℓ(B82)

Let R̃j,t ≡ Rj,tΠ
∗
j,t

η−1C−σ
t , then

R̃j,t =

∞∑
ℓ=0

(βθj)
ℓ Et

[
C−σ
t+ℓ

(
P̂j,t+ℓ

Pj,t

Pj,t+ℓ

)1−η

Yt+ℓ

](B83)

= C−σ
t P̂ 1−η

j,t Yt +
∞∑
ℓ=1

(βθj)
ℓ Et

[
C−σ
t+ℓ

(
P̂j,t+ℓ

Pj,t

Pj,t+ℓ

)1−η

Yt+ℓ

](B84)

= C−σ
t P̂ 1−η

j,t Yt + Et

[(
Pj,t

Pj,t+1

)1−η ∞∑
ℓ=1

(βθj)
ℓC−σ

t+ℓ

(
P̂j,t+ℓ

Pj,t+1

Pj,t+ℓ

)1−η

Yt+ℓ

](B85)

= C−σ
t P̂ 1−η

j,t Yt + βθjEt

[(
Pj,t

Pj,t+1

)1−η

R̃j,t+1

](B86)

= C−σ
t P̂ 1−η

j,t Yt + βθjEt

[
Πη−1

j,t+1R̃j,t+1

](B87)
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The discounted cost is

Cj,t =
∞∑
ℓ=0

θℓjQt,t+ℓYj,t+ℓ|tMCj,t+ℓ|t

(B88)

=

∞∑
ℓ=0

θℓj

(
Ct+ℓ

Ct

)−σ (
Π∗

j,tP̂j,t+ℓ
Pj,t

Pj,t+ℓ

)−η

Yt+ℓ

(
Π∗

j,tP̂j,t+ℓ
Pj,t

Pj,t+ℓ

)− αη
1−α

MCj,t+ℓ

(B89)

=
∞∑
ℓ=0

θℓj

(
Ct+ℓ

Ct

)−σ (
Π∗

j,tP̂j,t+ℓ
Pj,t

Pj,t+ℓ

)− η
1−α

Yt+ℓMCj,t+ℓ

(B90)

=
1

C−σ
t

Π∗
j,t

− η
1−α

∞∑
ℓ=0

(βθj)
ℓC−σ

t+ℓ

(
P̂j,t+ℓ

Pj,t

Pj,t+ℓ

)− η
1−α

Yt+ℓMCt+ℓ

(B91)

Let C̃j,t ≡ Cj,tC−σ
t Π∗

j,t

η
1−α , then

C̃j,t =
∞∑
ℓ=0

(βθj)
ℓC−σ

t+ℓ

(
P̂j,t+ℓ

Pj,t

Pj,t+ℓ

)− η
1−α

Yt+ℓMCt+ℓ(B92)

= C−σ
t P̂

− η
1−α

j,t YtMCt + βθjEt

(
Pj,t

Pj,t+1

)− η
1−α

C̃j,t+1(B93)

= C−σ
t P̂

− η
1−α

j,t YtMCt + βθjEt

[
Π

η
1−α

j,t+1C̃j,t+1

]
(B94)

The steady states are

(B95) Vj = V =
Y (1−MC)

1− βθ



VOL. VOLUME NO. ISSUE PARALLEL DIGITAL CURRENCIS (APPENDIX) 13

Solutions to a Two-Sector Economy

C1. AIAO

Since the exchange rate shock is the only exogenous variable in the equation
system, all endogenous variables can be expressed in terms of it:

(C1) ỹt = ψaiao
ye ∆et; πt = ψaiao

πe ∆et; ît = ψaiao
ie ∆et.

where ψaiao
ye , ψaiao

πe , and ψaiao
ie are unknown coefficients to be determined. Because

Et∆et+1 = 0, the forecasts of the endogenous variables one period ahead are:

(C2) Et[ỹt+1] = 0; Et[πt+1] = 0.

Substitute Et[ỹt+1] and Et[πt+1] into the three-equation system, and use the Tay-
lor rule to substitute out the nominal interest rate in the dynamic IS curve. The
equation system reduces to:

ỹt = −σ−1 (ϕππt + ϕyỹt)(C3)

πt = κỹt + υ∆et(C4)

from which πt and ỹt can be solved in terms of ∆et:

ỹt = − υϕπ
σ + ϕy + κϕπ

∆et(C5)

πt =
υ (σ + ϕy)

σ + ϕy + κϕπ
∆et(C6)

From the Taylor rule, the nominal interest rate is

(C7) ît =
υσϕπ

σ + ϕy + κϕπ
∆et.

Define Ω ≡ σ + ϕy + κϕπ. The coefficients are

ψaiao
ye = −υϕπΩ,(C8)

ψaiao
πe = υ (σ + ϕy) Ω,(C9)

ψaiao
ie = υσϕπΩ.(C10)

The sectoral dynamics involve the bilateral relative price as a state variable.

π1,t = ψaiao
π1s st−1 + ψaiao

π1e ∆et; π2,t = ψaiao
π2s st−1 + ψaiao

π2e ∆et.(C11)
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The forecasts for the sectoral inflation are

Etπ1,t+1 = ψaiao
π1s st; Etπ2,t+1 = ψaiao

π2s st(C12)

From the dollar sector’s NKPC:

π1,t = βψaiao
π1s st + κψaiao

ye ∆et + λυst(C13)

=
(
βψaiao

π1s + λυ
)
st + κψaiao

ye ∆et(C14)

=
(
βψaiao

π1s + λυ
)
θst−1 +

[(
βψaiao

π1s + λυ
)
θ + κψaiao

ye

]
∆et(C15)

The last equation comes from the autoregressive representation of the bilateral
relative price. From comparison with the unknown coefficients:

ψaiao
π1s =

(
βψaiao

π1s + λυ
)
θ(C16)

ψaiao
π1e =

(
βψaiao

π1s + λυ
)
θ + κψaiao

ye(C17)

The coefficients ψaiao
π1s and ψaiao

π1e can be solved as:

ψaiao
π1s = υ (1− θ)(C18)

ψaiao
π1e = υ (1− θ)− υκϕπΩ(C19)

By combining the terms with common coefficients, the dollar-sector inflation can
be rewritten as a function of the contemporary bilateral price and the exchange
rate shock:

π1,t =
υ (1− θ)

θ
st − υκϕπΩ∆et(C20)

= υ (1− θ) st−1 + υ (1− θ − κϕπΩ)∆et(C21)

The dollar-sector inflation is above its steady state if

1− θ > κϕπΩ(C22)

σ + ϕy + κϕπ >
κ

1− θ
ϕπ(C23)

σ + ϕy > ϕπ (1− βθ)Θ

(
σ +

α+ φ

1− α

)
(C24)

(1− βθ)Θ

(
σ +

α+ φ

1− α

)
<
σ + ϕy
ϕπ

(C25)
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From Proposition 2, inflation in the non-dollar sector is

π2,t = π1,t −
1− θ

θ
st(C26)

= −(1− υ) (1− θ)

θ
st − υκϕπΩ∆et(C27)

The sectoral output gaps are derived from the demand functions:

ỹ1,t = ỹt + υηst(C28)

= υηst − υϕπΩ∆et(C29)

= υηθst−1 + υ (ηθ − ϕπΩ)∆et(C30)

ỹ2,t = ỹt − (1− υ) ηst(C31)

= − (1− υ) ηst − υϕπΩ∆et(C32)

The contemporaneous response of the dollar-sector output gap depends on the
parameters. The sector produces above the natural level if

ηθ > ϕπΩ(C33)

σ + ϕy + κϕπ >
ϕπ
ηθ

(C34) (
1

ηθ
− κ

)
ϕπ < σ + ϕy(C35)

1

ηθ
− κ <

σ + ϕy
ϕπ

(C36)

C2. DIAO

The expected aggregate inflation in the dynamic IS curve is rewritten as:

Et[πt+1] = Et [(1− υ)π1,t+1 + υπ2,t+1](C37)

= Et [π1,t+1 + υ (st+1 − st)](C38)

= Et [π1,t+1]− υ (1− θ) st(C39)

where the last equation follows from (46). The bilateral relative price st can be
viewed as an exogenous autoregressive variable in a three-equation system; so all
endogenous variables can be written as functions of st. Let ỹt = ψdiao

ys st, and π1,t =

ψdiao
π1s st. Again, it follows from (46) that Et[ỹt+1] = ψdiao

ys θst, and Et[π1,t+1] =

ψdiao
π1s θst. Substitute these, together with the Taylor rule, into the dynamic IS

curve and the dollar-sector NKPC yields the following equation system for ψdiao
ys
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and ψdiao
π1s :

(1− βθ)ψdiao
π1s = κψdiao

ys + λυ(C40)

(ϕπ − θ)ψdiao
π1s = − [σ (1− θ) + ϕy]ψ

diao
ys − υ (1− θ)(C41)

Define Λ ≡ 1
(1−βθ)[σ(1−θ)+ϕy ]+κ(ϕπ−θ) . The solutions to the equation system are:

ψdiao
ys = −λυϕπΛ(C42)

ψdiao
π1s =

υ (1− θ)

θ
(1− κϕπΛ)(C43)

The response of dollar-sector inflation depends on the parameters. It is negative
if ψdiao

π1s < 0, and positive otherwise. Taking into account the expression of Λ, this
condition becomes:

(1− βθ) [σ (1− θ) + ϕy] + κ (ϕπ − θ) < κϕπ(C44)

(1− βθ) [σ (1− θ) + ϕy] < κθ(C45)

λσ +
(1− βθ)ϕy

θ
< κ(C46)

ϕy <
(κ− λσ) θ

1− βθ
(C47)

The dynamics of the nominal interest rate are obtained by substituting the solu-
tions to the output gap and dollar-sector inflation into the Taylor rule:

ît = ϕπψ
diao
π1s st + ϕyψ

diao
ys st(C48)

= −υ (κ− λσ) (1− θ)ϕπΛst(C49)

Its response is negative if:

κσ−1 > λ(C50)

λΘ

(
1 +

σ−1 (α+ φ)

1− α

)
> λ(C51)

σ−1 >
1−Θ

Θ

1− α

α+ φ
(C52)
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Inflation in the non-dollar sector is obtained using Proposition 2:

π2,t = π1,t −
1− θ

θ
st(C53)

= −1− θ

θ
(1− υ + υκϕπΛ) st(C54)

The aggregate inflation is the weighted sum of the sectoral inflation:

πt = (1− υ)π1,t + υπ2,t(C55)

= −1− θ

θ
υκϕπΛst + υ∆et(C56)

= − (1− θ) υκϕπΛst−1 + υ [1− (1− θ)κϕπΛ]∆et(C57)

(C58)

The coefficient of the exchange rate shock is

(C59) υ {κθ (ϕπ − 1) + (1− βθ) [σ (1− θ) + ϕy]}Λ > 0

The real interest rate is:

r̂t = ît − Et[πt+1](C60)

= −υ (κ− λσ) (1− θ)ϕπΛst +
1− θ

θ
υκϕπΛθst(C61)

= υλσ (1− θ)ϕπΛst(C62)

The sectoral output gap dynamics can be derived from the demand functions:

ỹ1,t = ỹt + υηst = −υ (λϕπΛ− η) st(C63)

ỹ2,t = ỹt − (1− υ) ηst = − [λυϕπΛ + η (1− υ)] st(C64)

For the dollar sector to produce above the natural level, η > λϕπΛ. Otherwise,
it produces below the natural level.
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C3. DIDO

Follow the same method as in the case of DIAO. Solutions to the three-equation
system are:

ỹt = −λυ
(
ϕπ +

θ η

1− θ
ϕy

)
Λ st(C65)

π1,t =
υ (1− θ)

θ

[
1− κ

(
ϕπ +

θ η

1− θ
ϕy

)
Λ

]
st(C66)

ît = −υ (κ− λσ) (1− θ)

(
ϕπ +

θ η

1− θ
ϕy

)
Λ st(C67)

From the IS curve, the real interest rate is positive:

(C68) r̂t = υ λσ (1− θ)

(
ϕπ +

θ η

1− θ
ϕy

)
Λ st

Inflation in the non-dollar sector is negative:

(C69) π2,t = −1− θ

θ

[
1− υ + υ κ

(
ϕπ +

θ η

1− θ
ϕy

)
Λ

]
st < 0

Sectoral output gaps are given by:

ỹ1,t = −υ
[
λ

(
ϕπ +

θ η

1− θ
ϕy

)
Λ− η

]
st(C70)

ỹ2,t = −
[
λυ

(
ϕπ +

θ η

1− θ
ϕy

)
Λ + η (1− υ)

]
st(C71)

Aggregate inflation is:

(C72) πt = −1− θ

θ
υ κ

(
ϕπ +

θ η

1− θ
ϕy

)
Λ st + υ∆et

The coefficient of the exchange rate shock is

(C73) υ {κθ (ϕπ − 1− ηϕy) + (1− βθ) [σ (1− θ) + ϕy]}Λ

whose sign depends on the parameters. In the case of a large elasticity of substi-
tution, the aggregate inflation response is negative.
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Currency Choice: Pricing Probabilities

In this section, we provide an analytical approximation to the probability of
currency choice. For the value function of the firm, we use

Vj,s,t = Ξt

(
P ∗
j,s

)
+ EtQt,t+1

(
θjVj,s,t+1 + (1− θj)max

j′
Vj′,t+1,t+1

)
(D1)

rather than equation (85), i.e. we exclude the continuation value of the firm, in
case it can change its prices. I.e. for this appendix, we assume that firms are
“reborn” with a different owner. Thus, the continuation value for the old firm
owner, in the case of a price-setting opportunity, is zero. The calculations mostly
carry over to the version in equation (85).

Second order approximation to the currency choice around the logged desired
price is

Prj,t − P̃rj =
γj Ξpp,t

2
∑
γj′Ṽj′

Et

 ∞∑
ℓ=0

Qt,t+ℓ

θℓj
(
P ∗
j,t −

P̃t+ℓ

Ej,t+ℓ

)2

−
K∑

j′=1

P̃rj′θ
ℓ
j′

(
P ∗
j′,t −

P̃t+ℓ

Ej′,t+ℓ

)2


(D2)

=
γj Ξpp,t

2
∑
γj′Ṽj′

Et

 ∞∑
ℓ=0

βℓ

θℓj (p∗j,t + ej,t+ℓ − p̃t+ℓ

)2 − K∑
j′=1

P̃rj′θ
ℓ
j′
(
p∗j′,t + ej′,t+ℓ − p̃t+ℓ

)2
(D3)

A proposition from the baseline case of homogeneous price rigidity can be sum-
marized as follows, echoing a result in ?:

PROPOSITION 1: Assume homogeneous price rigidity in a two-sector economy.
Let γ1 = 1, γ2 = γ. The second-order approximation to the probability of pricing
in dollars is

Pr1,t ≈
1

1 + γ
+

γ K (xt)

(1 + γ)2 Ṽt

(D4)

where K(xt) ≡ −Ξ̃pp(p̃t | xt) and Ṽt is the value function of a firm always using
the optimal flexible dollar price, both evaluated at the date-t optimal log flex price
p̃t.

PROOF:

The proof and its logic are patterned after ?. For a two-sector economy, let

γ1 = 1, and γ2 = γ. The probability of pricing in dollars is Prt =
V1,t,t

V1,t,t+γ V2,t,t
.

A first-order approximation around the flexible-price optimum V1,t,t = V2,t,t = Ṽt
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delivers

Prt ≈ P̃r +
∂Prt
∂V1,t,t |V1,t,t=V2,t,t=Ṽt

(
V1,t,t − Ṽt

)
+

∂Prt
∂V2,t,t |V1,t,t=V2,t,t=Ṽt

(
V2,t,t − Ṽt

)
(D5)

=
1

1 + γ
+

γ

(1 + γ)2Ṽt

(V1,t,t − V2,t,t)(D6)

“Telescope out,” i.e., iterate on (85) to obtain1

(D7) V2,t,t = max
p∗t,2

Et

[ ∞∑
l=0

θlQt,t+lΞ
(
p∗s,2 + e2,t+l |xt+l

)]

Consider the second-order approximation of the profit function around the log of
the flex-price optimum, i.e.

(D8) Ξ(p |xt+l) ≈ Ξ̃t+l +
1

2
Ξ′′
t+l(p− p̃t+l)

2

where Ξ̃t+l = Ξ(p̃t+l |xt+l) is the profit at the optimal flexible price in t + l
and where Ξ′′

t+l is the second derivative of Ξ(· |xt+l) at p̃t+l. Note that the first
derivative is zero by virtue of the optimality of p̃t+l. Replace the profit function
in (D7) with the second-order approximation in (D8). Additionally assume that
Ξ′′
t+l = Ξ′′

t + ϵt+1, where ϵt+l is (approximately) independent of other sources of

randomness. Likewise, assume that Qt,t+l = βl up to a term (approximately)
independent of other sources of randomness. We obtain

(D9) V2,t,t = max
p∗t,2

Et

[ ∞∑
l=0

(βθ)l
(
Ξ̃t+l +

1

2
Ξ′′
t (p

∗
t,2 + e2,t+l − p̃t+l)

2

)]

The first-order condition

(D10) 0 = Et

[ ∞∑
l=0

(βθ)lΞ′′
t (p

∗
t,2 + e2,t+l − p̃t+l)

]

can be simplified to

(D11) p∗t,2 = Et[p̃t+l − e2,t+l]

when we assume that the right-hand side is (approximately) independent of l: we

1There is only one exchange rate, which is the exchange rate of the second currency with respect to
the dollar. For notational consistency, we keep the subindex 2 on that exchange rate.
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shall do so. With that (D9) becomes
(D12)

V2,t,t = Et

[ ∞∑
l=0

(βθ)lΞ̃t+l

]
+Ξ′′

t

∞∑
l=0

(βθ)l
(
1

2
Vart[e2,t+l]− Cov(e2,t+l, p̃t+l) +

1

2
Vart[p̃t+l]

)

For the dollar, the same calculation delivers a simpler expression, since there are
no exchange rate terms,

(D13) V1,t,t = Et

[ ∞∑
l=0

(βθ)lΞ̃t+l

]
+ Ξ′′

t

∞∑
l=0

(βθ)l
1

2
Vart[p̃t+l]

Plug (D12) and (D13) into (D6) and rewrite to obtain equation (D4).
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Additional impulse responses

Figure E1. Impulse responses to a 25-basis-point monetary policy shock.


